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ABSTRACT 



The theory of Hnear acceleration emission is developed for a large amplitude 
electrostatic wave in which all particles become highly relativistic in much less 
than a wave period. An Airy integral approximation is shown to apply near 
the phases where the electric field passes through zero and the Lorentz factors 
of all particles have their maxima. The emissivity is derived for an individual 
particle and is integrated over frequency and solid angle to find the power radiated 
per particle. The result is different from that implied by the generalized Larmor 
formula which, we argue, is not valid in this case. We also discuss a mathematical 
inconsistency that arises when one evaluates the power spectrum by integrating 
the emissivity over solid angle. The correct power spectrum increases as the 
4/3rd power of the frequency at low frequencies, and falls off exponentially above 
a characteristic frequency. 

We discuss application of linear acceleration emission to the emission of high 
frequency photons in an oscillating model for pulsars. We conclude that it cannot 
account for gamma-ray emission, but can play a role in secondary pair creation. 

Subject headings: plasmas — pulsar: general — radiation mechanism: nonthermal 
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Introduction 



The most familiar emission process for highly relat ivistic elect r ons ( and positrons) is 



synchrotron emission. Historically, it is of interest that 



Schwingerl (119491 ). in his original 



development of the theory of synchrotro n radiation , also discussed linear acceleration 



emission (LAE) by relativistic particles. ISchwingerl (119491 ) did not develop the theory for 



LAE in the same detail as that for synchrotron emission, and there appears to be no 
subsequent detailed development of the theory of LAE for highly relativistic particles. Our 
objective in this paper is to develop the theory of LAE for motion in a large-amplitude 
electrostatic wave (LAEW), emphasizing the analogy with synchrotron emission, and 
the important differences from synchrotron emission. Two other emission processes for 
highly relativistic particles, inver se Compton emission and emission due to motion in a 



large-amplitude transverse wave (IGunn fc Ostriker 



1971 



Arons 



19721 ). have properties that 



are somewhat analogous to those of synchrotron emission. In particular, all three are treated 
by making an Airy-integral approximation to a relevant phase integral. Our treatment of 
LAE in a LAEW is based on the assumption that an Airy-integral approximation is also 
appro priate in this case. Our argu ment for this assumption is given in an accompanying 



paper ( IMelrose. Rafat fc Luo 



20091 ). hereinafter referred to as paper 1. We should emphasize 



that any treatment of LAE encounters conceptual diffic ulties that a re no t relevant to the 



Schwinger 



(119491 ) showed how the 



other three emission processes mentioned. In particular, 
theory of synchrotron emission reproduces the total power radiated as predicted by the 
generalized Larmor formula, and it can be shown that this is also the case for the other 
two mechanisms mentioned. However, it is not the case for LAE. Moreover, it has been 
recognized for over a century that there is a conceptual difficulty in the treatment of linear 
acceleration emission itself, and the underlying difficulty leads to problems in any treatment 
of LAE. 
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The motivation for this investigation relate s to possible emission processes that 



can occur in an oscillating model for a pulsar (ILevinson et al. 



( iBeloborodov fc Thompson 



20051 ) or magnet ar 



20071 ) magnetosphere. Specifically, we pose the question 
whether LAE in an oscillating model can be important as an emission mechanism, and 
whether the properties of LAE can lead to observational signatures that are unique to 
an oscillating model. LAE is of potential interest in four ways. First, it may be relevant 
as a high-energy emission process, which would require that LAE allow emission up to 
gamma-ray energies. Second, LAE may be relevant to secondary pair creation, which 
requires photon energies of at least an MeV. Third, all particles in the LAEW emit LAE, 
and the associated damping of the LAEW is of potential interest in itself, providing a 
simple way of relating the power in LAE to the energy in the LAEWs. Finally, there is the 
possibility of a maser form of LAE as a radio emission mechanism, as discussed briefly in 
paper 1. 

We use the theory in paper 1 with two notable changes. First, in paper 1 we used 
primes to denote quantities in the primed frame in which the oscillations are purely 
temporal; the primed quantities are related to those in the laboratory frame, in which the 
LAEW have a phase speed by a Lorentz transformation with velocity (? jv^. In this paper 
our analysis is restricted to the frame in which the oscillations are purely temporal, and for 
convenience in writing we omit the primes on all relevant quantities. Second, in paper 1 we 
concentrated on a triangular wave form, which is an excellent approximation for a LAEW 
in which the electrons and positrons become highly relativistic, and here we generalize to 
an arbitrary wave form. This allows us to apply our results for LAE more generally. We 
described by the wave form by a periodic function, T(x), of phase X; and derive the orbit 
of a particle by expanding in inverse powers of its Lorentz factor. In Sec. [2] we derive the 
emissivity for LAE, and in Sec. [3] we evaluate it in terms of Airy integrals. In Sec. H] we 
compare our results with the generalized Larmor formula and we discuss inconsistencies 
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that arise. We discuss our results and the appUcation to pulsars in Sec. |5] and summarize 
the conclusions in Sec. O 



2. Emissivity in LAE 



An exact treatment o f LAE is involves assuming period motion and expanding in a 



Fourier series (IRowe 



19951 ). As shown in paper 1, the emission is at harmonics, uj = s^l, of 
the frequency of the LAEW. For a highly relativistic particle, very high harmonics dominate, 
the sum over s can be replaced by an integral, performed trivially over a (5-function, and the 
result interpreted in terms of independent pulses of emission each half period of the LAEW. 
Adopting this viewpoint, we write down the emissivity in LAE in vacuo for a charge whose 



orbit is determined by the LAEW. 



2.1. Emissivity 



The energy radiated per unit frequency and per unit solid angle in transverse waves 
due to a charge, q = =Fe for electrons or po sitrons, executing an ar b itrary one-dimensional 



motion is given by, e.g., equation (16.18) in 

u{uj,e) 



Melrose fc McPhedranI fll99ll ) 



UJ 



■\J{uj,k)\^sm^9, 



V. 



167r%oC^ 

where 6 is the angle of emission with the respect to the axis on the one-dimensional LAEW 
with |k| = cj/c for waves in vacuo. From paper 1, the current is given by 

-ik-XQ 



J(cj,k) 



qce 



n 



(2) 



with /3(x)c the velocity and z{x) the displacement of the charge as a function of the phase, 
X, of the LAEW. 
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In the approximation adopted here, there is one pulse of radiation each half period from 
each particle, with the pulses being in the forward and backward directions in alternative 
half periods. This allows one to write down the emissivity ri{uj,6), which is the power 
radiated per unit frequency and per unit solid angle, by evaluating ([1]) for each pulse, and 
dividing by the period 2tt/Q of the LAEW. This gives 

(3) 

with the pulse centered on cos^ = 1 in one half period, and on cos 6' = —1 in the other half 
period. 



327r%ocf^ 



2.2. Motion in a LAEW 

Motion in a LAEW is treated in paper 1. Assuming an electric field -Eo(x) = EqT{x), 
the 4-velocity is u{x) = % + {^e/^)F'{x): with u{x) = l{x)P{x): ""o = loPo a constant of 
integration, and F{x) = Jq dx'T{x')- Here we assume that the particle is highly relativistic, 
setting (3{x) = =tl, except in evaluating Z{x), which appears in the phase in (IHl), where we 
assume = ='=[!" V27^(x)]? with 

7(x) = bo + 2uo{coE/n)F{x) + {uEm'F\xP\ (4) 

oje = qEo/m. A second integration gives the orbit of a particle gives 

z = zo + ^Z{x), Z{x) = j dxl3{x) ~ ± 

A background particle, Mq = 0, is instantaneously at rest at phases x = ^'^ fo^' a-^Y 
integer n and has its maximum Lorentz factor, 7max, at the phases x = 7r/2 + nvr, where we 
assume 7max ~ l^^maxl ^ 1, |Mmax| = {f^ E / ^)\F {n / 2)\. A test chargc, uq 7^ 0, has maximum 
Lorentz factors, 7± at the phases x = + nT^-, and comes to rest, for |uo| < l^^maxl) at two 
other phases that are of no interest here. 
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2.3. Basis for Airy-integral treatment 

The basic assumption made here is treating LAE is that the integral over phase, 
in ([3]) involves an Airy integral. Physically, this means that the current is dominated by 
contributions around the phase, x = Xo say, where the Lorentz factor, 7(x) has a maximum. 
In a Taylor series expansion of Z{x) and of the quadratic term in x — Xo is then zero, 
leaving a linear term and a cubic terms, beyond which the expansion is truncated. The 
integral is then in the form of the standard integral representation of an Airy function. 

For an arbitrary wave form, we are free to choose F{0) = and T(7r/2) = 0, and to 
write 7max = ('^£;/^)|-^(7r/2)|. The extrema of 7(x) are 7± = 7jnax ± l^ol at x = 7r/2, where 
we assume 7max > \uo\, and the sign is determined by the sign of Uq and of the charge. This 



gives 

Z{x)-X = -TTT 



X +^X 



al = -7^1:^3. (6) 
± 7± F{7t/2) ^ ' 



27± L 

with x' = X~ ^/2- For the triangular wave form one has —T'{'k/2)/F{'k/2) = S/vr^. 
For the general case ([6]), the phase in ([3]) becomes 



[i + o'iDx' + ^x" 



3 

(7) 



2^7^ 

The two contributions of the form ([7]), centered on % = 7r/2, % = 37r/2, with 7 = 7-1-, involve 
emission in a small cone about the forward and backward directions, respectively, and these 
are treated independently. 



3. Airy integral approximation 



Assuming that the important contribution to the current for LAE is dominated by 
phases centered on that at which 7(x) has a maximum, it is straightforward to evaluate 
the emissivity in terms of an Airy function. The integral over frequency and solid angle to 



- 8 - 



find the total power radiated involves only standard integrals. However, the integral over 
solid angle to find the power spectrum (the power per unit frequency), although seemingly 
straightforward, leads to inconsistency when performed in two different ways. 



3.1. Airy integral 



The Airy integral is (lAbramowitz fc Stegurull965l ) 

^^^i{ax+b\'m = z_Ai { -] =2 



h-\hJ "^/^ 



^1/3(0, 



where in the second form, terms of a Macdonald function, follows from 

2 



Ai(^) 



^1/3(0, 



^ 3 



For a test particle, using ([7]), one needs to add subscripts ± to a — a-t, h 
to z,^ in ([9]). One has 



h+ in 



a± 



2 n2\ 



hi 



-a 



±1 



a± 
b± 



0Jc± = 2^71 . 



(9) 

dH]), and 
(10) 



UJc± ^c± 

For simplicity in writing, in the following formulae we omit the ± subscripts, and assume 
a,b, z,C,,i^c are given by (ITU]) . The particular case of a background particle in a triangular 
wave form (paper 1), one has 7 — >• 7max, —* S/tt^. 



The emissivity may be written either in the form 



or in the form 



2/)2 



e<Ai^(2e(i + e)), Q = Yo 



> 2/3 T 
UJ \ ' 1 



a 



(11) 



' 6(1 + e)eX%(ee(i + 6)3/2) 



^ _ 2 w 1 
3 ujc ct'l'^ 



For emission in the backward direction is given one formally needs to replace ^ by vr — ^. 



(12) 
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The emissivitv ([T2l) is ana logous to the corresponding formula for synchrotron emission 



( IGinzburg fc Syrovatski 



19651 ). with the cyclotron frequency replaced by the frequency, 
Q, of the LAEW. An important difference is that for LAE the angular distribution is 
confined to a small cone about the direction of motion, being zero strictly along this 
direction, 6 = 0, whereas for synchrotron emission the maximum occurs where the angle, 
9, of emission is equal to the pitch angle of the particle. The dependence on 6 in (ITTi) . (IT^ 
causes mathematical difficulties, which we gloss over in the following discussion and address 
explicitly in Sec. 14. 4[ 



3.2. Angular distribution of LAE 

The power radiated by an individual particle can be evaluated by integrating the 
emissivity over frequency and solid angle. Performing the integral over frequency first gives 
the power radiated per unit solid angle, which described the angular distribution of the 
emission, and performing the integration over solid angle first leads to the power spectrum. 

The integral over uj can be rewritten as an integral over C,c and evaluated using the 
identity 

r^^em^q^, (i3) 

Jo 32cos7r/i 
which gives 5 7r^/144 for / x = 1 /3. (There is an error by a factor of 2 in the counterpart of 



(IT^ given by ISchwingen (119491 ).) The integral over frequency gives the power per unit solid 
angle: 







647r%oC (1 + 6)7/2 ^ i/3l^J 10247r%oC (1 + 6)7/2^ 



with e = 7^^^ and where (USD gives 57rVl44 for /x = 1/3. It follows that the emission is 
zero for 6 = 0, and is strongly concentrated at angles 9 ~ l/7±; — 6 ~ 1/7^' ^"-"^ forward 
and backward emission. 
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3.3. Power spectrum for LAE 



Carrying out the integral over solid angle first leads to an expression for the power 
per unit frequency in LAE. In the case of synchrotron radiation the integr al is well known 



( iGinzburg fc Syrovatski 



Westfoldl fll959h . 



19651 ). and was derived for this specific purpose by 
The integral needed in the case of LAE is different from that for synchrotron radiation. To 
avoid the mathematical difficulty discussed in Sec. 14. 4[ we integrate the emissivity (fTTj) over 
both frequency and sold angle, and change the variables of integration to z = Zc{l + O) and 



fOO fOO 

P = 2n I did 



d9 9r]{u;,9) 



47r%oC 7o Jo 



©))■ (15) 



'0 ^0 

By writing K]^{zc{l + O)) = / dz5{z — Zc(l + O)) Ai^(z) in f|T5|) . and performing the 
^c-integral over the 5 function, one obtains 

P = — / dzz^'^ki^iz) / dQ- — — . 

47r£oc Jo io (1 + 

Alternatively, by performing the 0-integral over the 5 function, one obtains 



(16) 



dz^z]'^ / dz{{z- z^)M^{z) 



AttsqC 15 



/■oo 

j dz^zl'^Ai' 



;i7) 



where the final expression is obtained by partially integrating twice. Noting that the 
integral over G in (JT6l) is equal to 4/15, the two results agree. An alternative form is 



P 



207r%oC 



di.ecKl/,{Q 



The power per unit frequency, P{uj), is identified by writing the right hand side of f|TF 
([T7|l or (fTSj) as the integral of P{uj) over duj. One finds 



IbiT^eoca^ \uj, 



UJ 



-) ^1/3(^0)- 



(19) 
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The low- and high-frequency hmits of f|T9|) are given by 

2q^n fuj\"^\ Ai'(O) u<^u,, 

with Ai(0) = l/32/3r(2/3) = 0.355. Thus, at low frequencies, the power in LAE varies 



3.4. Total power radiated by a single particle 

The power radiated by a particle in LAE follows from ( |T8l) . with the integral evaluated 
using (fT3|) . The result is 

1927reoc ' 

On restoring the ± subscripts, (1211) gives different results for emission in the forward and 
backward directions: 



1927reoc 



F(7r/2) 



(22) 



4. Comparison with the Larmor formula 

For synchrotron radiation, the power radiated by an individual particle can be written 
down from a generalized form of the Larmor formula, and this general result is reproduced 
by integrating the emissivity over frequency and solid angle. In this section we show 
that the corresponding calculations for LAE do not agree in general. We also discuss a 
mathematical inconsistency that arises in taking the low-frequency limit. 
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4.1. Generalized Larmor formula 

The Larmor formula is derived for emission by an accelerated particle by treating the 
emission in the rest frame of the particle using the electric dipole approximation. The 
power radiated is a Lorentz invariant, and by writing the square of the acceleration (which 
appears in the Larmor formula) in terms of variables in any other inertial frame of interest, 
one obtains the well-known generalization of the Larmor formula. For highly relativistic 
particles, this formula implies a power proportional to 7^ for acceleration perpendicular to 
the velocity, as for synchrotron radiation, and a power independent of 7 for acceleration 
parallel to the velocity, as for LAE. The instantaneous power radiated for acceleration by 
an electric field parallel to the velocity is 



For the triangular wave form of a LAEW, the mean power radiated, averaged over one 
period of the LAEW, is 



„2, ,2 /r202^,2 

q _ q 7max 1^24) 



IStt^oC 187r£oc|F(7r/2)|2' 
where 7max = {'^El^)\F{Ti /2)\ is used in the second form. The mean power (12^ does not 
agree with the final form in fl22|) . 



4.2. Inconsistencies 

Although the expressions for the power radiated, ( 12T1) or f l22l) . in LAE has the same 
functional form as the expression (12^ derived from the Larmor formula, the two results 
differ by a numerical factor. This inconsistency becomes worse when one considers the case 
of a test charge, Uq 7^ 0. The Larmor formula implies a power fl21|) independent of Mq, 
whereas (1221) implies that the power radiated for uq 7^ does depend on mq. Moreover, for 
an arbitrary wave form, the P from the Larmor formula involves an average of T^(x) over 
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Xi in the counterpart of fl2l|) . whereas (l22l) depends on the wave form only through T'(7r/2) 
and F{tt/2)] these formulae cannot be the same in general. 

Another inconsistency arises from an uncritical interpretation of (123!) for a LAEW. On 
the one hand, fl23!l suggests that the maximum power radiated is when -E'^(x) is maximum. 
On the other hand, our detailed calculation shows that the power is strongly concentrated 
around the phase where the Lorentz factor is maximum, which is the phase where E^{x) 
vanishes, and the acceleration is instantaneously zero. This is reflected in the power 
radiated ( l22l) depending on the wave form only at the phases x = vr/2 + nvr where the 
Lorentz factor has maxima 7-1- . 

We note that inconsistencies in the treatment of emission by a linearly accelerated 
charge have been recogniz ed for over a century, specifically in connection with uniform 



acceleration (jProkey 



19491 ). One outstanding problem centers around the statement "a 
uniformly accelerated charge does not radiate." The radiation reaction force is proportional 
to the time derivative of the acceleration, which is zero for uniform acceleration, seemingly 
supporting the argument that the power radiated is zero. However, this is obviously 
inconsistent with the Larmor formula, (1231) . Suppose one attempts to apply the method 
we use to uniform acceleration. Three difficulties arise: there is no natural frequency Q, 
there is no 7max, and T{x) = constant implies T'{x) = 0? so that the cubic term in x' 
in ([7]) is zero, and the Airy approximation is invalid. Nevertheless, one can start with a 
periodic T{x) and approach the limit of uniform acceleration, by assuming T{x) 1 for 
— 7r/2 < X < 7r/2, and T{x) — >■ —1 for 7i/2 < x < 37r/2. The emission of LAE is then 
dominated by the phases, x = tt/2,3tt/2, where the Lorentz factor reaches its extrema, and 
the electric field passes through zero by abruptly changing sign. Such a treatment of LAE 
due to uniform acceleration implies that the emission is determined by the way the uniform 
acceleration is turned on and off, which is one of the ingredients in overcoming the known 
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inconsistencies ( iDrokey 



19491). 



4.3. Critique of Larmor formula for LAE 

The foregoing inconsistency suggests tliat, unlike the case of synchrotron radiation, 
LAE cannot be treated exactly using the Larmor formula. To understand why this is the 
case, we need to consider the conditions under which ( l23l) is valid. 

A standard derivation of the Larmor formula involves calculating the Poynting vector 
due to the electric and magnetic fields of the accelerated charge, and integrating over a 
fixed, large sphere to find the power crossing this sphere. The power lost by the particle is 
at the retarded time compared with the power escaping. This invalidates any interpretation 
of the dependence of the Larmor formula fl23l) on x in terms of the time dependence of the 
power radiated. However, for the average ( !24l) over a periodic motion, the average over the 
actual time and the retarded time are equivalent. Hence, this argument does not invalidate 
(!24|) . and so does not explain the inconsistency. 

The power escaping from the fixed sphere is equated to the power lost by the particle. 
This assumption is not valid for LAE in general. The motion of the radiation pattern with 
the particle inside the fixed sphere implies that the total electromagnetic energy within the 
sphere is not constant: the radiant energy inside the fixed sphere is changing systematically 
as a function of time. Hence the assumption that the power radiated balances the power 
lost by the particle is not valid over any fixed time interval. However, for periodic motion, 
provided that one considers only the power averaged over a period, and provided that there 
is no average drift motion, the Larmor formula should be valid. This suggests that the 
mean power fl2^ should be correct for a background particle (but not for a test charge). 
Nevertheless, the expressions for the power do not agree even for a background particle. We 
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conclude that this argument does not explain the inconsistency. 

This standard derivation of the Larmor formula also involves assuming that the 
emission in the instantaneous rest frame can be treated in the electric dipole approximation. 
For a charge that is instantaneously at rest, undergoing an acceleration, a, the power 
in electric dipole radiation is proportional to jgap. The inconsistency can be resolved if 
the dipole approximation is not valid. That this is indeed the case for LAE can be seen 
as follows. As shown by our treatment in Sec. [2|, the emission of LAE is dominated by 
the phase where the electric field and the acceleration are instantaneously zero. This is 
inconsistent with the dipole approximation in the instantaneous rest frame. We conclude 
that the Larmor formula (123!) is not valid for LAE because the assumption that the emission 
may be treated as electric dipole emission in the instantaneous rest frame in not valid. 



4.4. Mathematical dilemma 

A mathematical inconsistency arises whenever one attempts to take the low-frequency 
limit while retaining the 9 dependence. A simple example of this is the low frequency limit 
of the emissivity (ITTll . Assuming — ^ 0, one sets the argument of the Airy function to 
to find r](ij,9) oc 0z^Ai^(O), with G = 7^^^. In this approximation, the integral over 
angle diverges, whereas the physically significant contribution is known to come from G < 1 
{6 < 1/7) . Another example where an inconsistency arises is when one attempts to integrate 
the emissivity (fTTj) over angle directly. This may be achieved using the indefinite integral 

[dee Ai^{z) = [ziz - 3z,)Ai^{z) - zciz - 3zc)Ai'^{z) + zlAi{z)Ai'{z)] , (25) 
J oz^ 

with z = Zc{l + G). The validity of (125|) is confirmed by differentiating both sides and 
using the differential equation for Airy functions, Ai"{z) = zAi{z). The definite integral 
over < 6' < 00 is given by minus the right hand side, with z ^ Zc- The numerator in the 
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resulting expression, written terms of Macdonald functions using ([9]), gives 



1 

3^' 



with = |-2c^^- The power per unit frequency becomes 



2n^eQC 



(26) 



(27) 



On integrating the result (127|) over frequency, using (fT3|) to find 57r^/144 and 77r^/144 for 
the first two integrals, with the third giving 7r^/12, the result (1211) is reproduced. The 
inconsistency arises from the form of the power spectrum at low frequencies. This form is 
determined by the ^c-dependence in ([2] 



27r/3V3 
(7re,/72)V2e-2f. 



ic » 1. 



(28) 



The low-frequency expansion is inconsistent with ( l20|) . and is simply wrong. However, there 
is no obvious mathematical error. We note that the numerator on the right hand side of 
( 125|) may be rewritten 



d 



, (29) 



that in carrying out the integral over frequency the final term in (l29l) integrates to zero, 
and that the correct form for the power spectrum is obtained simply by ignoring the final 
term in fl29|) . However, the final term is not zero and there is no obvious mathematical 
justification for neglecting it. 

We are unable to resolve this inconsistency to our own satisfaction. The following is 
our opinion on the most plausible source of the inconsistency. At a more fundamental level, 
the derivation of the power radiated, given by (|2TD or (122), inv olves a singular integral. The 



appearance of a singular integral was noted by 



Westfoldl (1 19591 ) in his derivation of formulae 
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that are now standard for synchrotron r adiation. To carr y out the integral over angle in the 
synchrotron case, the procedure used by 



Westfoldl (Il959l ) involves writing the square of 



in the form 



dx e 



dxi 



dx2e 



i[a(Xi-X2)+b-Hxf-xi)/3] 



(30) 



changing the variables to x = {xi " X2)/2, y = {xi + X2)/2, performing the integral over y, 
and then integrating over angle. This leads to a singular x- integral, due to a factor 
in the integrand in the synchrotron case, and to a factor l/x^^"^ in the case of LAE. Our 
suggestion is that the singular nature of the integr al invalidates ta king the low-frequency 



Westfoldl (I1959I ) used partial integration 



limit for arbitrary angles of emission. We note that 
in dealing with the singular integrals in the treatment of synchrotron emission, and that 
our use of partial integration in (fT7|) is an indirect way of avoiding this difficulty. 



5. Discussion 

In this section we discuss the properties of LAE and comment on the significance in 
the application to pulsars. 



5.1. Properties of LAE 

Our results suggest the following interpretation of LAE. As a charge is accelerated, 
over the first half phase of the LAEW it emits a pulse of radiation in the forward direction 
of duration Atgmit ~ vr/i7. The radiation received by a distant observer has a shorter time 
scale Atj-ec = (1 — /5)Atemit, where /3c is the speed at which the particle is approaching 
the observer. The shortest time scale on which structure can be observed in the pulse is 
Atj-cc ~ Atcmit/27^ ~ 71/2^7^. Such a pulse of radiation has Fourier components up to a 
frequency u ~ l/Atj-cc ~ 2Q'-f'^/7c. This radiation is characteristic of emission by a particle 
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with Lorentz factor 7-1- and is confined to a cone of lialf angle ~ l/7± about the direction of 
motion. This simple model reproduces the characteristic frequency and angular distribution 
implied by the emissivity flTT]) . 

The characteristic maximum frequency is LAE is found to be 1^7^ , where Q is the 
frequency of the LAEW. This result is derived assuming that the initial Lorentz factor, 70, 
is much smaller than 7max ~ uje/^, = \(lEo\/mc, which is the maximum Lorentz factor 
that a background particle reaches in the LAEW, with 7-1- = 7max ± 7o- In the opposite 
limit, 7o ^ 7max, the effect of the LAEW m ay be treated using perturbation theory, and 



the characteristic frequency of LAE in Qj^ ([Melrose 



19781 ). In the case where LAE may 



be treate d using perturbation th eory, it may be regarded as a form of free-electron maser 



emission (jFung fc Kuijpers 



2004) . 



5.2. Application of LAE to pulsars 

Our original motivation for this investigation was the application of LAE in a LAEW 
to pulsars and magnetars. We identify four possible implications of LAE for pulsars: (a) 
LAE as a high-energy emission process, (b) LAE as a possible source of secondary pairs, (c) 
LAE as a damping mechanism for the LAEW, and (d) LAE as a coherent radio emission 
mechanism. Application to coherent emission is discussed briefly in paper 1, and requires a 
more detailed discussion than is appropriate here. We comment on each of the other three 
possible implications. 

For LAE to account for observed high-energy emission from pulsars, it must be able 
to account for the frequency and the power in the observed emission. The characteristic 
maximum fre quency of LAE, u ; ^ ^2 7^,,,^, for the numerical, 7max ~ 10^-10'' and Q ~ 10^ s~^. 



estimated by 



Levinson et al. 



(I2OO5I ) corresponds to a photon energy of several tens of 
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kilovolts. This suggests that LAE is not a viable emission mechanism for gamma-ray 
emission. However, before dismissing LAE as a gamma-ray emission we need to consider 
three effects that allow emission at higher frequencies. First, the estimates 7max ~ 10^ and 
Q ~ 10^ s~^ might be too conservative for a realistic model; we return to this point below. 
Second, the frequency uj ~ f^7max applies in the frame in which the oscillations in the 
LAEW are purely temporal, and there is a boost associated with the outward propagation 
of the LAEW in the pulsar frame. (Both the frequency of the emission and the frequency 
of the LAEW are transformed and the transformed frequency may be estimated using the 
invariant, in the notation used in paper 1, kK.) For this effect to be large, the phase speed, 
Pvc, must be relatively close to c, so that the boost is by 7* = PviPv ~ 1)""'^''^ is large. 
We have no reason to expect 7* to be particularly large. Third, LAE might be due to a 
test char ge with 7n ^ 7ma,v; whe n LAE may be regarded as a type of free-electron maser 



emission (iFung fc Kuijpers 



20041 ). Although very high energy 'primary' particles appear in 
some pulsar models, it is not obvious how that would be accelerated in an oscillating model. 
We conclude that LAE in a LAEW is not a plausible candidate for gamma-ray emission in 
pulsars. 

For the photons associated with LAE to produce pairs, their energy must exceed an 
MeV. The estimate of a maximum energy of of several tens of kilovolts is sufficiently close to 
this threshold to require a more detailed discussion. Before considering this, it is relevant to 
consider the power in LAE. For LAE to be important in generating pairs, the power in LAE 
must be a significant fraction of the total power involved. It is reasonable to assume that in 
an oscillating model, the power released (from rotational energy for ordinary pulsars, and 
from magnetic energy for magnetars) is channeled through LAEWs. The transfer of energy 
from the LAEW to pairs through LAE may be regarded as a dissipation process for the 
LAEW. For LAE to be important in generating pairs, not only must its frequency exceed 
an MeV but also the LAEW must lose a substantial fraction of its energy to LAE before 



- 20 - 



propagating out of the light cyhnder. 

The damping rate of the LAEW due to LAE may be estimated by multiplying the 
power in LAE per particle by the number of particles, and dividing by the energy in the 
LAEW. The power per unit volume follows from the power per background particle, given 
by (1211) . times the number density of background particles, n say. Ignoring factors of order 
unity, the damping rate due to LAE is of order F ^ ar nc, where ctt is the Thomson cross 

1/2 

section. The number density determines the plasma frequency, which is identified as f27max 



(ILevinson et al 



20051 ) . It follows that the damping decrement, F/fi, is of order (rofi/c)7ma 
where tq is the classical radius of the electron. LAE is important energetically provided 
that the LAEW remains within the magnetosphere for ~ f2/F wave periods. 



5.3. LAE and secondary pairs 

Secondary pair production in pulsars requires a source of photons with energies 
> 1 MeV. The sources considered in conventional models are curvature emission and 
resonant Thomson scattering by primary particles. In an oscillating model LAE is an 
additional possibility. For LAE to be viable as the source of secondary pairs, two conditions 
need to be satisfied: the photon energy must exceed an MeV, and the power in LAE must 
be sufficient to account for the required number of pairs. 

Consider a model in which there is a large number of localized, transient LAEWs in the 
polar cap region, with the pairs in the LAEW created through LAE. Let the number density 
of pairs be a multiplicity, M, times the Goldreich- Julian density, so that the frequency of the 
LAEW is cUmax ~ (Mf2rf2c)^^^7max, whcrc Vtr = 271 / P is the rotation frequency of a pulsar 
with period P, and Vic = {mc^/h){B/Bc) is the cyclotron frequency, with Be = 4:A x 10^ T 
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the Schwinger field. The threshold condition, tUmax > 2mc^/h, requires 



M B 



,20 



(31) 




max 



> 10 



where P is in seconds. The fraction of the energy lost by a LAEW as it propagates outward 
through the pulsar magnetosphere can be estimated by multiplying this damping decrement 
by the number of oscillations before the LAEW leaves the magnetosphere. Assuming 
propagation at close to the speed of light this number is of order Vl/VLr. Hence, the fraction 
of the energy lost to LAE is of order (rofi^/firc)7max ~ Mr^VLc/c = Ma{B/Bc), where 
a ~ 1/137 is the fine structure constant. We conclude that LAE is energetically important 
in an oscillating model for a pulsar provided the condition 



is satisfied. No extreme values are required to satisfy (PTj) for all pulsars, and although ([32D 
is satisfied for M > 10^ for ordinary pulsars, it requires a rather extreme multiplicity for 
recycled (millisecond) pulsars. We conclude that an oscillating model with secondary pair 
production due to LAE is consistent with parameters otherwise regarded as plausible. 



Our main objective in this paper is to develop the theory of LAE to see if it is viable 
as an emission process in an oscillating model for pulsars, with the oscillations described in 
terms of a large amplitude electrostatic wave (LAEW). We find the following properties of 
LAE in a LAEW; these properties apply in the inertial frame in which the oscillations are 
purely temporal: 

1. The emission is dominated by the phase of the LAEW where the electric field passes 
through zero and the particles have their maximum Lorentz factor, 7± = 7niax =t Uq, 




(32) 



6. 



Conclusions 
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where 7max ~ \q\EQ/mcVL is determined by the frequency, fi, of the LAEW and its 
amphtude, Eq, and where Uq = 'joPo is the 4-velocity of the particle at the phase 
where the electric field is equal to ±i?o, depending on the sign of the charge. 

2. The characteristic maximum frequency of LAE is for 70 ^ 7max- (We do not 
consider the case 70 ^ 7max when the emission may be regarded as a form of free 
electron maser emission.) 

3. LAE is emitted in the forward direction in one half period, as the particle propagates 
in the forward direction, and in the backward direction in the other half period; it is 
concentrated on the surface of a cone of half angle ^1/7^ about this direction, and 
is zero at at the center of the cone. 

4. The power per unit frequency increases oc to^^^ at cu <^ ^7±- 

5. The total power radiated is given by ( l22l) . The total power is not given correctly by 
the generalized Larmor formula fl23|) . or its average fl2^ over a period of oscillation; we 
argue that this is because the dipole approximation is not valid in the instantaneous 
rest frame. 

6. A mathematical inconsistency arises in taking the low- frequency limit of the emissivity 
at an arbitrary angle of propagation. We attribute this inconsistency to an underlying 
singular integral, but have been unable to reformulate the theory so that this 
inconsistency does not arise. 

We discuss the application of LAE to pulsars, both as a high-energy emission process 
and as a maser emission process at radio frequencies. Our conclusions are: 

1. LAE is implausible as a gamma-ray emission, at photon energies ^ 1 MeV. 
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2. It seems possible that LAE- photons could lead to secondary pair production in an 
oscillating model. 

3. Maser LAE is a possible coherent radio emission mechanism only for relatively small 
amplitude LAEWs (paper 1). 

We thank Matthew Verdon for helpful comments on the manuscript. 
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